We apply a generalized form of entangled coherent state (ECS) in an optical interferometer to detect the phase sensitivity. Both the linear and nonlinear protocols have been considered. We find that, similarly with the generalized NOON state [Phys. Rev. Lett. 111, 070403 (2013)], utilizing the simultaneous estimation, this generalized form of ECS gives a O(d) advantage on the parameter number d compared to the independent estimation, and the nonlinear protocol shows no advantage on d than the linear counterpart in these cases. Furthermore, this generalized form of ECS can give a lower Cramér-Rao bound than the generalized NOON state in both linear and nonlinear protocols. The homodyne detection has been applied in the linear protocol in the last.
I. INTRODUCTION
Since the pioneer work of Caves in 1981 [1] , quantum metrology has made a great progress [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] as a successful application of the advantage of quantum mechanics. However, unlike the single-parameter quantum metrology, for a very long time, multiparameter quantum metrology was not adequately studied in the community. One major reason is that quantum multiparameter Cramér-Rao bound cannot always be saturated. A decade ago, the condition of this bound to be tight for pure states has been given and discussed [16, 17] . Since then, several protocols on multiparameter estimation were proposed in different scenarios [18] [19] [20] [21] [22] [23] . One splendid work was give by Humphreys et al. [18] , who mapped the phase imaging problem into a multiparameter metrology process and applied a generalized form of NOON state as the input resource. They found that utilizing the simultaneous estimation, the total variance in this protocol has a O(d) advantage on the parameter number d compared to the independent estimation with NOON state.
On the other hand, NOON state is not the only state that is available to reach the Heisenberg limit. Another useful state is the so-called entangled coherent state (ECS), which has been widely applied and studied in quantum metrology recently [26] [27] [28] [29] [30] . In a Mach-Zehnder interferometer, ECS has been proved to be more powerful than NOON state in giving a Heisenberg scaling precision [28] . Even in a lossy interferometer, ECS can still beat the shot-noise limit for a not very large loss rate [26, 27] . Thus, it is reasonable for one to wonder that if a generalized form of ECS could give a better theoretical precision than the counterpart of NOON state. This is the major motivation of this work.
In this paper, we apply a generalized form of ECS in * Electronic address: xgwang@zimp.zju.edu.cn linear and nonlinear optical interferometers. By calculating the quantum Fisher information matrix (QFIM), we give the analytical expression of Cramér-Rao bound for both linear and nonlinear protocols. In the linear protocol, the bound can reach the Heisenberg scaling for most values of the total photon number. Meanwhile, with respect to the parameter number d, in both protocols, for most values of photon number, the bounds show a O(d) advantage compared to the independent protocol with ECS or NOON state, which is the same as the generalized NOON state discussed in Ref. [18] . Next, we compare these two bounds with those obtained from the generalized NOON state. Similarly with the single-parameter case, the generalized ECS can give a lower bound than the generalized NOON state in both linear and nonlinear protocols. More interestingly, for a very small photon number, the bound of generalized ECS in linear protocol can even lower than the counterpart of generalized NOON state in nonlinear protocol. In the last, we consider the homodyne detection in the linear protocol. By assuming that all the parameters under estimation are very small, we obtain the analytical expression of the total variance according to the errorpropagation relation. With respect to the parameter number d, homodyne detection gives an lower sensitivity than the independent protocols, but it is still more sensitive than the quantum Cramér-Rao bound.
The paper is organized as follows. In Sec. II, we briefly review the Cramér-Rao bound for multiparameter estimations and the expression of quantum Fisher information matrix. In Sec. III, a form of generalized entangled coherent state is introduced and applied in linear and nonlinear optical interferometers. Furthermore, the comparison between this state and the generalized NOON state is discussed. In Sec. IV, we perform homodyne detection as a measurement process in the linear protocol, and Sec. V is the conclusion of this paper.
II. CRAMÉR-RAO BOUND
In a multiparameter quantum metrology process, it is known that, for a set of parameters {θ m }, the quantum Cramér-Rao inequality can be expressed by [31, 32] 
where C is the covariance matrix with the element
Here {θ i } is a set of unbiased estimators and {·, ·} represents the anticommutation. F is the quantum Fisher information matrix (QFIM), with the element
where the symmetric logarithmic derivative (SLD) L m for θ m is determined by ∂ρ/∂θ m = (ρL m + L m ρ) /2. Recently, it has been found that similarly with the quantum Fisher information [33] , the QFIM can also be expressed in the support of the density matrix [34] . Denoting ∂ m := ∂ θm , for a pure state, the element of QFIM reduces to [31, 32] 
As C and F are both positive semi-definite, it is allowed to take the trace on both sides of inequality (1), which leads to
with |δθ| 2 = i δ 2θ i the total variance of all the parameters. For a two-parameter system, Eq. (4) can be reduced into |δθ| 2 ≥ 1/F e , where F e = detF /TrF can be treated as an effective quantum Fisher information. det(·) represents the determinant.
III. PARAMETRIZATION PROCESS
For a unitary parametrization process, there are two basic methods to proceed: the single-gate method and multi-gate method, as shown in Fig. 1 . For a set of Hermitian operators {H m }, the transformation of the singlegate method can be expressed by
where d is the number of the parameters, while the multiple-gate method can be expressed by
Generally, these two methods are different. However, when all the generating operators are commutative, i.e., [H l , H m ] = 0 for any l, m, these two methods are equivalent. One vivid case of this scenario is that H m is a local operator for any m. For a set of non-commutative operators {H m }, the precision of the parameters are not only determined by all the operators themselves, but also the commutation relation between them. As the effect of the commutation relation on the precision is not the main concern of this paper, we only discuss the scenario that all the operators H m are local, corresponding to the mth arm of the interferometer.
For a pure state ρ in = |ψ in ψ in |, the condition of the Cramér-Rao bound to be tight is [16] [17] [18] 
Here |ψ out = U |ψ in is the output state of the interferometer. Through some straightforward calculation, one can find that this condition is equivalent to the form
When the operators H l and H m are commutative for any l and m, it is easy to find that (8) is naturally satisfied. Therefore, for the local parametrization strategy, the quantum Cramér-Rao bound is always achievable. In this case, the element of QFIM can be written as
Specifically, it is
Recently, a more general form of parametrization process, in which the parameter is nonlinearly involved in the Hamiltonian, has been discussed [24, 25] . For pure states, the element of QFIM can still be written in the form of covariance, similarly with Eq. (9). The only difference is that the Hamiltonians in (9) are replaced by effective ones [25] .
A. Generalized entangled coherent state
Entangled coherent state (ECS) has been applied in several single-parameter quantum metrology protocols and proved to be very powerful in beating the shot-noise limit [26] [27] [28] . The specific form of it is given by [29, 30] 
where |α is a coherent state, |0 is the vacuum state and N = [2(1+e
−|α|
2 )] −1/2 . For a d-dimensional independent estimation with local parametrized transformation H m = a † m a m , it can be proved that the total variance reads [28] 
Utilizing the total particle number N tot = 2dN 2 |α| 2 , this expression of total variance can be rewritten into
When |α| is large, N −2 → 2, the total variance
This theoretical bound is lower than d 3 /N 2 tot , which is given by NOON state in the independent estimation [18] .
For a multiparameter estimation scenario, one extension of ECS can be written in the form
where
is a state with a coherent state in mth mode and vacuum in others. Here D m (α) = exp(αa † m − α * a m ) is the displacement operator on mth mode. In this paper, this generalized form of ECS will be utilized as the input state of the device. Without loss of generality, we assume that the coefficients b, c are real numbers. Based on the normalization requirement, b and c need to satisfy the equation
2 and B = 2de −|α| 2 . To simplify the problem and make sure that b and c are all less than 1, we choose |α| ≥ 1 and d ≥ 2 in the entire paper. Then the trajectory of b and c in the Cartesian axises is an ellipse. From the geometric property of the ellipse, it can be found that |b| ≤ Γ, with Γ = 2/ √ 4A − B 2 .
B. Local parametrization
Linear parametrization.-A well-used local parametrization operator is the number operator, i.e., H m = a † m a m , with a † m , a m the creation and annihilation operators for mth mode. In the following, we set the reference beam as mode zero and the parametrized beams as mode 1 to mode d.
In this linear metrology protocol, based on the expression of QFIM in Eq. (9) and the input state (14) , it can be found that the element of QFIM is
which indicates the QFIM can be written as
where 1 1 is the identity matrix and I is the matrix with all the elements 1, i.e., I ij = 1 for any i and j. It is easy to check that the inverse matrices, for a type of matrices γ(1 1 + ωI), can be written in the form
with n the dimension of 1 1 and I. Utilizing this knowledge, the inverse matrix of QFIM can be analytically obtained as
(19) Immediately, its trace can be written as
Based on the fact that |b| is bounded by Γ, the minimal value of Tr(F −1 ) can be obtained at b min = b opt , where
when |b opt | ≤ Γ and |b min | = Γ when |b opt | > Γ. In the situation that |b opt | ≤ Γ, the quantum Cramér-Rao bound for the total variance can be expressed by Figure 2 shows the parameter regime in which |b opt | is achievable. Though d is a positive integer, we still plot it as a continuous variable to make the figure more clear and easier to catch. The purple areas in both panels represent the regime where |b opt | is achievable and the blue areas represent the regime where |b opt | is not achievable. From Fig. 2(a) , it can be found that |b opt | can be reached for a large |α|. This is reasonable because when |α| is infinite large, 2 . The input state is still the generalized form of ECS, expressed by (14) . Through some straightforward calculation, the element of QFIM in this protocol can be written as
where f (|α|) := |α| 6 + 6|α| 4 + 7|α| 2 + 1 and g(|α|) := |α| 2 1 + |α| 2 2 are polynomials of |α|. Without making misunderstanding, we only use f and g instead below. The matrix form of Eq. (23) is
The trace of its inverse matrix reads
The minimum value of Tr(F −1 NL ) can be attained at b min = b nopt , with
when |b nopt | ≤ Γ and |b min | = Γ for |b nopt | > Γ. Thus, in the situation |b nopt | ≤ Γ, the quantum Cramér-Rao bound can be expressed by Now we discuss the regime in which |b nopt | is achievable. Figure 3 shows the regime where |b nopt | can be reached or not. Similarly with Fig. 2 , the purple areas in both panels of Fig. 3 represent the regimes in which |b nopt | is reachable and the blue areas represent the regimes that |b nopt | is not achievable. Similarly to the linear protocol, |b nopt | can be reached when |α| is large. This is due to the fact that when |α| is infinite large, |b nopt | also equals to 1/ d + √ d, and the bound Γ = 1/ √ d. Compared with Fig. 2 , the optimal condition (26) for nonlinear protocol requires a larger |α| for the same value of d. From Fig. 3(b) , one can see that in this parameter regime, the optimal condition is always reachable when |α| is larger than around 4.
C. Analysis
Recently, a generalized form of NOON state has been discussed in multiparameter metrology in Ref. [18] , which is expressed by
where |N m = | · · · 00N 00 · · · is a state with a Fock state in mth mode and vacuum in the others. For the linear parametrization protocol H m = a † m a m , the quantum Cramér-Rao bound with |ψ s is [18] 
This bound can be attained at
2 , through some straightforward calculation, the quantum Cramér-Rao bound can be obtained as below
which is also attained at However, these protocols do show different sensitivities on the average total photon number N tot . Generally, the average total photon number of |ψ s is N s,tot = N , independent of the values of the coefficients b and c. Meanwhile, the average total photon number of |ψ α can be expressed by
which is dependent on the values of b and c. When the value of |α| increases, the left side of normalization condition (15) Figure 4 gives the quantum Cramér-Rao bounds of different protocols as a function of total photon number. In this figure, the black solid line represents the bound |δθ| For the optimal condition |b opt | (or |b nopt |), two alternative states are satisfied and we only choose one of them in this figure. Comparing the bounds |δθ| 2 sL and |δθ| 2 L in linear protocol, in the regime of small photon number, in which |b opt | may not be saturated, the input state |ψ α still gives a lower bound than |ψ s . However, with the growth of N tot , this advantage reduces. For a very large N tot , |ψ s and |ψ α are basically equivalent to each other on the precision. Besides, a well known fact also shows up in the plot that the nonlinear parametrization process is always better than the linear one for the same input state. Nevertheless, what is more interesting here is that, for a very small N tot , the linear protocol with |ψ α can give a lower bound than the nonlinear counterpart with |ψ s . This gives an alternative strategy for small photon number scenario when the nonlinear parametrization is very challenging to perform. 
IV. MEASUREMENT
For a entire metrology process, the measurement has to be considered as the quantum Cramér-Rao bound cannot be always saturated for any measurement. As a matter of fact, different measurement strategies would give different classical Cramé-Rao bound and further give different metrology scaling.
Generally, for a set of observables {O i }, their variances can be written into
Introducing the matrix J with the element J ij = |∂ θj O i | 2 , the variances of the parameters can be generally obtained through the inverse matrix of J,
Specially, if O i only contains the information of θ i , i.e., O i is only the function of θ i , J is a diagonal matrix, indicating that
In optical interferometers, performing the local measurement in an arm usually only contains the phase information of this arm, indicating that the output signal is only a function of the corresponding phase of this arm. In these cases, above error propagation equation is available to detect the total variance. If the expected value of a utilized observable O has a linear relation with the parameters, i.e., O = C i θ i , with C a constant number, from Eq. (32), the total variance is
Homodyne detection.-Homodyne detection is well applied in classical and quantum optics as a powerful measure of phase sensitivity [37] [38] [39] [40] . In this section, we utilize the homodyne detection as the measurement process of this device. To perform the homodyne detection, we first introduce the quadrature operator
of which the corresponding eigenstate |p satisfiesp|p = p|p . According to the imprint property of coherent state e iφa † a |α = |αe iφ , for the linear protocol, the output state can be expressed by
where |αe iθm m = |00..αe iθm ..00 represents the state with a coherent state |αe iθm in mth mode and vacuum states in others. Generally, it is known that p|α = (2/π) 1/4 exp(−p 2 − 2iαp + α 2 /2 − |α| 2 /2). Without loss of generality, we assume α is a real number in this section. Define p = (p 0 , p 1 , ..., p d ) and |p = |p 0 , p 1 , ..., p d , in which the subscripts represent the corresponding mode number, the expected value of any observable O can be expressed by
where the conditional probability P (p|θ) = | p|ψ out | 2 and dp := d i=0 dp i . The output signal can be calculated through the expected value of the total quadrature operatorp tot = d i=0p i . Now we make an assumption that the value of θ m and α 2 θ m are both very small for any m. In the mean time, we only record those signal values when all the output ports give the same signal value p. The conditional probability in this case can be rewritten into d i=0 δ(p i − p)P (p|θ). The expected value of the total signal reads
where P (p|θ) = | p, ..., p..., p|ψ out | 2 . Through some straightforward calculation, the expression of P (p|θ) till the first order of {θ m } can be simplified into
With this equation, it is not difficult to obtain
Similarly, there is p
Since the expected value ofp tot has a linear relation with the parameters, according to Eq. (36), the total variance applying the homodyne detection is
Substituting the optimal coefficient b opt in Eq. (21) into the equation above, the total variance can finally be written into
From this equation, it can be found that |δθ|
, which is more sensitive on d than the quantum Cramér-Rao bound |δθ| 2 L , but still better than the independent strategy with NOON state or entangled coherent state, in which the total variance is proportional to d 3 . However, with respect to the average total photon number, this bound can only reach the shot-noise limit. Therefore, for the cases that the photon number has to be very small and the parameter number is very large, the homodyne detection can give a good precision.
V. CONCLUSION
In this paper, we first discuss the condition of the quantum multiparameter Cramér-Rao bound to be tight for pure states. It can be found that for the parametrization process exp( m iθ m H m ), in which all the generating operators are commutative, i.e., [H l , H m ] = 0, ∀l, m, the Cramér-Rao bound is achievable theoretically.
Next, we apply a generalized form of entangled coherent state as the input state in both linear and nonlinear protocols with above parametrization processes. We find that, similarly with the generalized NOON state, the bound from the generalized entangled coherent state has a O(d) advantage compared to the independent estimation, and the nonlinear protocol has no advantage over the linear one on the parameter number d. Furthermore, the bound given by the generalized entangled coherent state is lower than that given by the generalized NOON state. A interesting fact is that, for a very small number of photons, the generalized entangled coherent state in the linear protocol can give a better precision than the generalized NOON state in the nonlinear protocol. This gives an alternative way to detect the phase sensitivity when the nonlinear process is very challenging to perform.
In the last, we perform the homodyne detection in the linear protocol. By assuming the parameters under estimation are very small, we obtain the analytical expression of the total variance according to the errorpropagation relation. With respect to the parameter number d, this strategy has an advantage over the independent estimation, but more sensitive than the quantum Cramér-Rao bound. Meanwhile, this strategy can only reach the shot-noise limit. Thus, homodyne detection would be more useful in the cases with small number of photons and large number of parameters. It is obvious that homodyne detection cannot reach the Cramér-Rao bound in this device. The optimal measurement of this protocol is still an open problem that requires further study in the future.
